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Abstract: Lie groups are continuous groups that have a structure of differential 
manifold. At the community of mechanical engineers are known their applications in 
numerical treatment of finite rotations. They are also used for solution of differential 
equations and for study of their properties. It is possible to use them for creation of 
new solutions from the solutions that are known. In the paper are given some basic 
properties of equations describing vibrations of beams and plates from this point of 
view.  
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1. Introduction 
The theory of continuous group is known from the end of 19. century. These groups 
are named according to Sophus Lie (1842-1899) and they are now known as Lie 
groups. Continuous group theory and corresponding Lie algebras play an important 
role in understanding of the structure of differential equations and in finding their 
exact analytic solutions [1,5,8]. Lie groups are applied in various areas of 
mathematics, physics, and mechanics [2,9-15]. In the following we shortly describe 
the main relations of this theory. Details of the theory can the reader find in [1,5,8]. 

2. Lie groups and differential equations 
A Lie group is a manifold equipped with a structure of a group. For any two points a 
and b in the manifold, there exists a multiplication ab and this group operation is 
consistent with the continuous structure of the manifold. 

                                                 
1 doc. Ing. Jozef Bocko, CSc.; Department of Applied Mechanics and Mechatronics, Faculty of 

Mechanical Engineering, Technical University of Košice; Letná 9, 042 00 Košice, Slovak republic; 
jozef.bocko@tuke.sk 

2 Dr.h.c. mult. prof. Ing. František Trebuňa, CSc.; Department of Applied Mechanics and Mechatronics, 
Faculty of Mechanical Engineering, Technical University of Košice; Letná 9, 042 00 Košice, Slovak 
republic; frantisek.trebuna@tuke.sk 

3 Ing. Miroslav, Pástor, PhD; Department of mechanics and mechatronics at Faculty of mechanical 
engineering at Technical University of Košice; Letná 9, 042 00 Košice, Slovak republic; 
miroslav.pastor@tuke.sk 

4 Ing. Peter Frankovský; Department of mechanics and mechatronics at Faculty of mechanical 
engineering at Technical University of Košice; Letná 9, 042 00 Košice, Slovak republic;  
peter.frankovsky@tuke.sk 

19



 

Next, we will use this theory for studying transformations of solutions of 
partial differential equations. The finite transformations of a group with parameter 

R∈ε  can be written in the forms 
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where ( )muu ,...,1=u  are functions which depend on independent variables 
( )nxx ,...,1=x . The system of partial differential equations we define by 

 ( ) 0,...,,,,Ω ,...,1
=αααα

kiiijiiv uuuux , (2) 

,,...,1 Nv = where 

 
n

n

n i
n

i

ii

ii
xx
uu

∂∂
∂=

++

...1

1

1
1

...

,...,

α
α  (3) 

are partial derivates. In order to formulate the conditions for the invariance of 
equations (2), the infinitesimal generator (or Lie point symmetry vector field) 
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is defined. Here and also in all paper the summation over twice-occurring indices is 
assumed. The infinitesimal quantities in (4) are defined by 
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If we expand (1) around the value 0=ε which corresponds to the group 
identity, then we have relations 

 
( ) ( )

( ) ( ).,

,
2

2

εεη
εεξ

ααα ouu

oxx iii

++=

++=

ux
ux

 (6) 

The k-th prolongation of a vector field U  is defined as 
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where the functions αζ
kii ...1

describe the transformations of partial derivatives of order 
k. For these functions we have the relations 
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and 
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is the operator of total differentiation with respect to ix . The system of differential 
equations (2) is invariant under the transformations of a one-parameter group with 
the infinitesimal generator U  if iξ  and αη  are determined from the constraints 

 ,0Ω)( =v
kU  (11) 

where all 0Ω =v .  

The action of Lie group on variables ux,  is given by relation 

 ( ) ( ) ( ) ( )( ) ( )uxuxuxuxux U ,,,,,., ε
εεε eg === ψϕ  (12) 

Greek letter ε  does not symbolize partial differentiation according to ε . This 
letter is in this paper reserved for the parameter of a group. 

For a parameter ε  the transformation of the function f  by group element εg  
is then given by 

 ( ) ( )( ) ( )[ ] ( )[ ] ( )xf1f1xfxfu 1−××=== DDD εεεε ϕψg . (13) 

Here 1  is the identity function ( ) xx1 = . 

Calculation of Lie vector fields is tedious work. It involves a large amount of 
symbolic calculation that is better done by computer. For this purpose the computer 
program LIE [3,4] has been used. 

3. Beam 
The transverse vibrations of a beam is described by equation 
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where E is the modulus of elasticity, I is the moment of inertia of a cross section, A 
is the cross sectional area, and ρ  is the mass per unit length. It is assumed that 
vibrations are small and perpendicular to the x axis. The transverse deflection at any 
point x on the length of the beam and at any time t is represented by a function 

( )txu , . 
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For equation (14) the program LIE gives us the following Lie symmetry 
vector fields 
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where ( )tx,α  is any solution of equation (14). Now we will create according to 
equation (12) the transformation groups that belong to Lie vectors (15). 

Let us take as an example generator 
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At first we will search how the group generated by Lie vector 5U  transforms 
the independent variable x. For this we use relations 

 

( )
( ) ( )

( ) ,5

5
2
5

5

xx

xxx

xx

n =

==

=

U

UU
U

#
 (17) 

which together with equation (12) give us 
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For transformation of independent variable t we have relations 
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which result in 
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Similarly for dependent variable u we have 

 εueu = . (21) 

The one-parameter groups that belong to all Lie vectors (15) are 

 

( ) ( )( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )uetexeutxG

utexeutxG

utxutxG
utxutxG

txutxutxG

εεε

εε

ε
ε

αε

,,,,:

,,,,:

,,,,:
,,,,:

,,,,,:

2
5

2
4

3

2

1

6
6
6
6
6

+
+

+

 (22) 

Because every group from (22) is symmetry group, from equation (13) 
follows, that if ( )txf ,  is the solution of equation (14), then functions 
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are solutions, too. 

4. Plate 
Free vibration of a quadrilateral plate is described by equation 
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where ρ  is the mass per unit volume, h is the plate thickness, and  

 ⋅−= )}1(12{/ 23 vhED   

Here, E is Young modulus and v  is Poisson ratio. For the plate described in 
coordinates yx,  we have from the program LIE the following generators 
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Here ( )tyx ,,β  is any solution of equation (24). 

Let us compute less trivial example of transformations that belong to Lie 
vector 
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For transformation of independent variable x we have 
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For independent variable y we have 
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All transformation groups that belong to vectors (25) are 
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and any solution ( )tyxf ,,  of the equation (24) can be transformed into solutions 

 

( ) ( )
( )
( )
( )
( )

( )
( ).,,

,,

,,cossin,sincos

,,

,,
,,

,,,,

)7(

2)6(

)5(

)4(

)3(

)2(

)1(

tyxfeu

teyexefeu

utyxyxfu

tyxfu

tyxfu
tyxfu

tyxtyxfu

ε

εεεε

εεεε
ε

ε
ε

εβ

=

=

+−+=

−=

−=

−=

+=

−−−

 (32) 

5. Conclusion 
In the paper were analyzed differential equations that describe free vibrations of 
beams and plates. The analysis was accomplished by application of Lie group 
theory. For the given differential equations the Lie vectors and their nonvanishing 
generators were computed by computer program LIE. From the Lie vectors the 
transformation groups were computed. Lie vectors can also be used for constructing 
special solutions that are obtained from the symmetry of differential equations. 
These are known as similarity solutions. However, this aspect of Lie theory was not 
observed in this paper. 
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